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General Framework

Introduction Geometrical model Bio al model Paramete pendent model

Geometrical model?

Sclera Choroid

Cornea

Vitreous
humor

Geometrical Lamina Cribrosa

Central Cornea

Optic Nerve

Aqueous
humor

Retina

Lorenzo Sala et al. “The ocular mathematical virtual simulator: A validated multiscale model for
hemodynamics and biomechanics in the human eye”. In: International Journal for Numerical Methods in
Biomedical Engineering (), e3791.
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General Framework

Introduction Geometrical model Biophysical model Parameter-dependent model

Biophysical model

V- (kVT)=0 on 2=

where :

» i is the region index (Cornea, Aqueous Humor, Vitreous Humor, Sclera, Iris, Lens,
Choroid, Lamina, Retine, Optic Nerve),

» T; [K] is the temperature in the volume i,
» ki [Wm~1K~1] is the thermal conductivity.

1J.A. Scott. “A finite element model of heat transport in the human eye”. In: Physics in Medicine
and Biology 33.2 (1988), pp. 227-242; Ng, E.Y.K. and Ooi, E.H. “FEM simulation of the eye structure
with bioheat analysis”. In: Computer Methods and Programs in Biomedicine 82.3 (2006), pp. 268-276.
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General Framework

Introduction Geometrical model Biophysical model Parameter-dependent model

Biophysical model &,

T, = T;
» Interface conditions : J over 042; N 042;
k(VTi-m) = —k(VT;- n)
. .\ oT
» Robin condition on Iy : —k% = hp(T = Tw)
> Linegrized Neumann condition? on Iy :
T;
_kI'BT - hamb(Ti - Tamb) + hr(Ti - Tamb) + E

Tomb Tody
h, =6 W m2K-1

2J.A. Scott. “A finite element model
of heat transport in the human eye”.
In: Physics in Medicine and Biology
33.2 (1988), pp. 227-242
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General Framework

Introduction Geometrical model Biophysical model Parameter-dependent model

Parameter dependent model

Symbol Name Dimension  Baseline value Range
Tamb Ambient temperature K] 298 [283.15, 303.15]
Tl Blood temperature K] 310 [308.3, 312]
hamb Ambient air convection coefficient Wm—2K™] 10 [8, 100]
hyl Blood convection coefficient Wm=2K™1) 65 [50, 110]
E Evaporation rate Wm2] 40 [20, 320]
Kiens Lens conductivity Wm~tK™) 0.4 [0.21, 0.544]
Keornea Cornea conductivity Wm1K™] 0.58 -
Ksctera = kiris = Eye envelope components conductivity [Wm~1K™1] 1.0042 -
klamina = kopticNerve
KaqueousHumor Aqueous humor conductivity Wm1K™] 0.28 -
KyitreousHumor Vitreous humor conductivity Wm™tK™] 0.603 -
Kehoroid = kretina Vascular beds conductivity Wm1K™] 0.52 -
€ Emissivity of the cornea - 0.975 -

Geometrical parameters may be involved, but we will not consider them in this work.
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General Framework

Introduction Geometrical model Biophysical model Parameter-dependent model

Present work : focus on parameteric analysis

Parameter Minimal value Maximal value Baseline value Dimension
Tamb 283.15 303.15 208 K]
Tol 308.3 312 310 K]
hamb 8 100 10 w m~—2 K1
hp 50 110 65 2 m~—2 Kil]
E 20 320 40 [Wm~2]
Kiens 0.21 0.544 0.4 Wm=1K1]

Table 1: Range of values for the parameters

> We set o= (Tamba Tb|7 hambv hbla Eu klens) € DF C R6-

» 1 € D* is the baseline value of the parameters.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Continuous and discrete problem

We set V 1= HY(£2).
Parameter Problem considered
input p Given p € D*, evaluate the output of interest

}

s(u) = €(T ()i 1)
Elin where T(u) € V is the solution of
} a(T(p),vip)="f(vip) VYveV
T (1), s(1)

The bilinear form a(-,-; p) and the linear form f(-; u) are
defined by the variational formulation of the problem.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Continuous and discrete problem

\AL M W il

a7 0 =i -
with:

inp
a(T,v;u) = /qens/ VT -Vvdx + Z k,-/ VT -Vvdx+
lens i#lens §2i
& / [famb T + h, T]vdo + hy Tvdo
Famb FbOdY

Fvim)i= [ o Toms b Tory = Elvdo+ [ hyTywdo
Tfem Famb Fbody /
(frr=trmy The bilinear form a(-,-; ) and the linear form 7(-; ) are

defined by the variational formulation of the problem.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Continuous and discrete problem

Parameter
input p

}

Exll

J

Tm (1), s(1)

Thomas Saigre

We set V := H'(§2). Denote by V}, C V a finite-dimensional

subspace of V of dimension V.
High-fidelity model

Given p € DH, evaluate the output of interest

s(p) = (T (1); )

where T (1) € V) is the solution of

a(T®™ (), vip) = f(vip) Vv eV,

The bilinear form a(-,-; ;1) and the linear form f(-; u) are
defined by the variational formulation of the problem.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Continuous and discrete problem

Parameter E—— .
input 1 High fidelity resolution

l Input: u € DV,

» Construct A(u), f(u) and Ly(p),
Erul > Solve A(u) T*™™(u) = f(w),

» Compute outputs s (1) = Li(p) T T™ ().

! Output: Numerical solution T (1) and outputs s (i)

T (1), s(p)

Thomas Saigre Model order reduction and inside human eyeball 16" January 2024 11 / 36



Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Model Order Reduction

» Goal: replicate input-output behavior of the high fidelity model &, with a reduced
order model &pm,

> With a procedure stable and efficient.

Parameter
input p

Eran (i)
(high fidelity)

!

Trem (1), s(p)
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Model Order Reduction

» Goal: replicate input-output behavior of the high fidelity model &, with a reduced
order model &pm,

> With a procedure stable and efficient.

Parameter Parameter
input p input p
| |
Eran(pt)
(high fidelity) Erom (1)
| |
Tfem(u)./s(u) N >N Trbm’N(/L),sN(u)
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Reduced Basis Method?

0 » High fidelity model: Ejin: p— Tm (1),

\

FE Space V},

2C. Prud’homme et al. “Reliable Real-Time Solution of Parametrized Partial Differential Equations:
Reduced-Basis Output Bound Methods ". In: Journal of Fluids Engineering 124.1 (Nov. 2001),
pp. 70-80.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Reduced Basis Method?

0 » High fidelity model: Ejin: p— Tm (1),
Solution Tem (1)

\

FE Space V},

2C. Prud’homme et al. “Reliable Real-Time Solution of Parametrized Partial Differential Equations:
Reduced-Basis Output Bound Methods ". In: Journal of Fluids Engineering 124.1 (Nov. 2001),
pp. 70-80.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Reduced Basis Method?

0 » High fidelity model: Ejin: p— Tm (1),

M = {T*"(u) | € D'}

\

FE Space V},

2C. Prud’homme et al. “Reliable Real-Time Solution of Parametrized Partial Differential Equations:
Reduced-Basis Output Bound Methods ". In: Journal of Fluids Engineering 124.1 (Nov. 2001),
pp. 70-80.
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Mathematical and computational framework
Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data
Reduced Basis Method
A

» From a set of snapshots

T (u1), -+, T*®" () computed
only once (offline stage), we define
the reduced functional space:

M = {T*"(u) | € D'}

Snapshots T (1)

VN - Span(é.l? Tt 7€N)

\

where & = T™™(y;), is orthonormalized.

» Reduced solution (online stage):
T®mN (1) solution of the PDE on
V.

2C. Prud’homme et al. “Reliable Real-Time Solution of Parametrized Partial Differential Equations:
Reduced-Basis Output Bound Methods ". In: Journal of Fluids Engineering 124.1 (Nov. 2001),
pp. 70-80.

FE Space V},

Thomas Saigre
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Mathematical and computational framework
gular data

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplac

Reduced Basis Method

Problem considered
Given p € D, evaluate the output of inter-
est

sn(p) = (T™N (); )

where T™®m:N(1) € V is the solution of

a(Trbm’N(,u), viu) = f(v;p) Vv e Vy

» Snapshots matrix:
Zy =[G, ,&n] € RN,
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General Framework Mathematical and computational framework Numerical results Sensitivity analysis Conclusion

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Reduced Basis Method

Problem considered
Given . € D*, evaluate the output of inter-

est Reduced basis resolution

sn(p) = 6(T™N (u); ) Input: 1 € D¥,
where T™™N(1) € V is the solution of > Construct Ay (1), fu(n) and Ly k().
> Solve A, (1) T*™N (1) = fiv(p),
» Compute outputs

a(Trbm’N(M), v M) _ f(V,,U) Yv € VN

» Snapshots matrix: swk(p) = LN,k(N)TTrbm’N(N)-
Zn = [&1,--- ,&N] € RNVN*N, Output: Numerical solution T™®™N (1) and
» Projection onto Vy: outputs sy k(u)-

A, (p) = ZNA(u)Zy € RV*N and
fu(p) == Zjf(p) € RV,
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Affine decomposition

> We want to write A(u) = Z BA(1)A?, and F(u Z BE(u)Fe.

» Compute and store A9, = Z[A9Zy and F/ :ZTF".
En NE N
— —
independent of p

> Hence A, ZBA AC’ and Fy(u Z,BF
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Affine decomposition
f
> We want to write A(u) = Z Ba(w)AY, and F(p) =Y BE(n)F?
» Compute and store A] = ZﬁéqZN and F), = Z,CF".

4
> a(T,vip) = Ba(n)a%(T,v) with
qg=1

Ba(n) = ks (T, v) = [ VT Vvdx

Ba(n) = e 3(T,v) = [y, Tvdo

Ba(w) = hy a3(T,v) = Ir, N Tvdo

Balp) =1 a* (T, v)=[p hTvdo + Y sens ki [0, VT - Vvdx

Thomas Saigre Model order reduction and inside human eyeball 202 15 / 36



Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Affine decomposition

Qs
» We want to write A(u) = ZBA )A?, and F(u Z BE(p
q=1
> Compute and store A, = Z{AZy and F}| = Z,CF‘?.
2
> f(vip) =Y BR(FP(v)
p=1
/Bll—'(ﬂ) = hambTamb + hrTamb - E fl(V) - / vdo
Famb
BE(1) = hoi To f2(v) = / vdo
Z—‘bc:dy
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General Framework Mathematical and computational framework Numerical results Sensitivity analysis Conclusion References

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Offline / Online procedure

> Solve N high-fidelity systems depending on A to form Zy,
> Form and store Fj(¢;)
> Form and store A7 (&)

Online: independant of N/

Given a new parameter y € DH,
> Form A, (1) : O(Q.N?),
» Form Fy(u) : O(QfN),
> Solve A (1) T™™N(u) = Fn(p) : O(N3),
» Compute sy(p) = Ly(p) " TP™N (1) : O(N).
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adapta ocedure Laplacian with singular data

Error bound Ap(1)

Tfem(p) For i € D*, we define the error:

e(p) = T (u) — TP (p)

\/

FE Space Vj

Thomas Saigre Model order reduction and inside human eyeball 16" January 2



Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Error bound Ap(1)

A

Tfem(y) For i € D*, we define the error:
Trbm N(N)

Apn(p)

e(p) = T (u) — TP (p)

We require this error bound to be:
> rigorous: el < An(r).

n(i)
’“WPHUM\%“”

\/

» efficient: the computation of

Apn(p) does not depend on
FE Space Vj N. )

Thomas Saigre Model order reduction and inside human eyeball January 2024 17 / 36



Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Error bound® Ay (p)

Such an error bound can be constructed efficiently from the residual r of the variational
problem:

r(v,p) == 0(v;p) — a(TP™N(w), vip) YveV
a lower bound ayp(11) of the coercivity constant a(u) of a(-,-; ), and the affine

decomposition of a and f:

. 2
Ajp) = ’f;’bﬁ&)' v

3C. Prud’homme et al. “Reliable Real-Time Solution of Parametrized Partial Differential Equations:
Reduced-Basis Output Bound Methods ". In: Journal of Fluids Engineering 124.1 (Nov. 2001),

pp. 70-80.
18 / 36
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General Framework Mathematical and computational framework Numerical r 5 ensitivity anal

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Lapl

Non compliant problem

Definition
The problem is said to be compliant if the bilinear form a is symmetric, and £ = f.

Error on the output

For o € D¥, we have:
5(‘“) _ SN(/,L) _ a( Tfem . Trbm,N’ Tfem _ Trbm,N; “)

[s(1) = s(p)| < A(u) || 7™ = T””“’NHf/

The error on the output converges as the square of the error on the field solution T™N
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General Framework Mathematical and computational framework Numerical r 5 ensitivity anal

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Lapl

Non compliant problem

Definition
The problem is said to be compliant if the bilinear form a is symmetric, and £ = f.

Error on the output

For o € D¥, we have:
5(‘“) _ SN(/,L) _ a( Tfem . Trbm,N’ Tfem _ Trbm,N; “)

[s(1) = s(p)| < A(u) || 7™ = T””“’NHf/

The error on the output converges as the square of the error on the field solution T™N

» Not our case ! We focus on output like ¢(1) = (do, T (1))
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Non compliant problem

» We introduce the dual problem: Find ¢(u) € V such that:

a(v, ¥(u)ip) = —l(vip) YveV

P> We retrieve a similar property:

Is() = sw()] < () || T () = TNy | [fwfem () = 0N |

» The output error bound has the form:

Gl )l
A =T Yaw()

Thomas Saigre Model order reduction and inside human eyeball January 2024 19 /



Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Greedy algorithm

Algorithm 1: Greedy algorithm to construct the reduced basis.

Input: g € D¥, Zirain C D* and g0 > 0
5 « [pol;
while AT > ¢, do

p* < argmax Ay(p) (and A < max An(p));
HE Etrain HE Ztrain

Vs {6 = T} U v
Append p* to S;
N+ N+1;

end

Output: Sample S, reduced basis Vjy
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Laplacian problem with Dirac as a right-hand side
We have a regular-enough domain 2 C R?. Let Xo = (xo, o) € £2.
We consider the following problem:

—AU:5X0 in 2

P
u=0 on df (Ps)

The finite element solution of Eq. (Ps) up € V/ is defined as the solution of the
following problem:

/ Vup - Vvy = (6x,, vp) forall v, € V¥
Q

Thomas Saigre Model order reduction and inside human eyeball 16" January 2024
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Laplacian problem with Dirac as a right-hand side

We can compute the exact solution of Eq. (Pj).
Definition: Let G: {2 — R be the Green’s function defined by

Glx.y) =~z 108 (1/lx =30 + (v = o))

Proposition: This function satisfies —AG = dx, in {2

“Silvia Bertoluzza et al. “Local error estimates of the finite element method for an elliptic problem
with a Dirac source term”. In: Numerical Methods for Partial Differential Equations 34.1 (2018),
pp. 97-120.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Laplacian problem with Dirac as a right-hand side
We can compute the exact solution of Eq. (Pj).
Definition: Let G: {2 — R be the Green’s function defined by

Glx.y) =~z 108 (1/lx =30 + (v = o))

Proposition: This function satisfies —AG = dx, in {2

Theorem*: Under good conditions, involving subdomains 2y C £2; C §2, if u denotes
the exact solution and uy the finite element solution of the problem, then

u— upllre < C(820, 21, )R\ /| log(h)]

“Silvia Bertoluzza et al. “Local error estimates of the finite element method for an elliptic problem
with a Dirac source term”. In: Numerical Methods for Partial Differential Equations 34.1 (2018),
pp. 97-120.
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Mathematical and computational framework

Laplacian with singular data

Numerical results

1.26 5.58
1
4
[C)
Sy |
0.5 , =
o 0 ik 0
(2a) Numerical solution up. (b) Error on the numerical solution u, com-

pared to the exact solution G.
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Mathematical and computational framework

Continuous and discrete problem Reduce order modeling Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Convergence study

We compute the error over a domain 2o = 2\ B(Xo, r) where B(Xp, r) is a ball
centered in Xy and with radius r.

2

-

Error computed over (2y:

E:=|lu—unlip) or E:=|lu— unllpap
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Mathematical and computational framework
Reduce order modeling Error bound Non-compliant problem

Adapta ocedure Laplacian with singular data

Continuous and discrete problem

02l — B, —
P, 10-1 |
—oP3 o
< 107°) TPl o,
g ~ p| S 107 1
= . Ps| =
5 108 « i S o7l e
| | 10 7 L |
© ©
= u . P = .
10 [ ’ » B 10—10 - .
107 I N 8 1078 ! S S U 0 O 8 O S
102 101 102 101
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Mathematical and computational framework
Error bound Non-compliant problem Adaptative procedure Laplacian with singular data

Continuous and discrete problem Reduce order modeling

Convergence study: Position of the discontinuity to the border

T T T T
107 = —— Py | 100 i
?ﬁ‘ +P2 £
1073 —+—P3 | 10-2 - gL‘H‘H—H—O—Q—O—H—i—FH—H#ﬁ—O—O—F«#ﬁ—O—Fﬁ—H —
S **‘hr N‘*W’Sﬂ#/ NS AT Py S ‘ S+ A
=~ = —+— - —
E 1075 N ++ Nﬂwww_'_++++++++47 IP5 Ll T - —+
= Pe = _
3 S 1074+ +*‘H‘H“‘H‘*+%H—'—0—F+ﬂ—0—#++ ————
, 1077F 1
2 g ++%+H+HW+++4—#++++++ —
1070} ] ey i
10711 | | I I I H 10*8 | | | | | 1
0 2.107%-.107%-10"2%8-1072 0.1 0 2.107%-.107%-10728-1072 0.1
Distance to border Distance to border
(e) L?(£2) (f) H'(£2)
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Numerical results

Numerical results
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Numerical results

High-fidelity

High Fidelity model
I Hmin Hmax

302 303 304 305 306 307 308 309 310

Figure 1: Distribution of the temperature [K] in the eyeball from the linear model & ().
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Numerical results

High-fidelity Validation and verification Reduced model

Validation and comparison with previous studies

310 - s
309
X' 308
= 7~ ——[Sco88] (2D, linearized)
307 | g —=-[Ng 06] (2D)
: —+— [NOO7] (3D)
306 —— [Li+10] (3D)
— Model & (7) = &V(())

T T
0 0.5 1 1.5 2 2.5
Distance from cornea surface [m)p—2
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Numerical results

High-fidelity Validation and verification Reduced model

Validation: measured values over the GCC

B T T ‘ ‘ ‘ + Measured values [EYB89]
z — &\L(7) = &" () model
5
g 1 |
2
e
8
5 05| |
8
c
(0]
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Numerical results

High-fidelity Validation and verification Reduced model

Time of execution

Finite element resolution Reduced model
Trem(11) TN (1), An()
P, Py (np=1) P, (np=12)
Problem size N = 207 845 N =1 580 932 N =10
texec 5.534s 62.4325s 10.76s 2.88 x 107%s
speed-up 11.69 1 5.80 2.17 x 10°

Table 2: Times of execution, using mesh M3 for high fidelity simulations.
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Numerical results

High-fidelity Validation and verification Reduced model

Results over a sampling Ziest C D of 100 parameters
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Figure 2: Error on RBM for various reduced basis sizes with error bound Apy(p).
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Numerical results

High-fidelity Validation and verification Reduced model

Results over a sampling Ziest C D of 100 parameters
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Figure 2: Convergence of the errors on the field and the output on point O.
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Numerical results

High-fidelity Validation and verification Reduced model

Results over a sampling Ziest C D of 100 parameters
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Figure 2: Stability of the effectivity.
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Sensitivity analysis
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General Framework Mathematical and computational framework Numerical results Sensitivity analysis Conclusion

Choice of the distributions Uncertainty propagation Stochastic sensitivity analysis

Sobol indices

> n= (,ula'--mun) € D+,
» ;i ~ X; where (X;); is a family of independent random variables,
» Output sy(p) ~ Y = f(X1,..., Xn),

» Distributions X; selected from data available in the literature.

Sobol indices

Var (E[Y|X;
- Fleer lles &= ar (E[Y|Xj]) effect of one parameter on
Var(Y) the output
Var (E | Y|X(_; ; :
» Total-order indices: 5}ot _ ( [ ( J)]) interaction of all parameters
Var(Y) but one on the output

where X(_j) = (Xl, 500 7)<j—17)<j+la oo ,Xn).
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hoice of the di

Distributions

Sensitivity analysis

1072 1072
259 Py - PDF ~T_poF ~PDF
B === Baseline 0.1+ == = Baseline 44 IS === Baseline
2 (RN Li Li A0 Li
| \ — Ooi | 1 —— Ooi 4 | —— Ooi
| \ —— Scott 81077 h —— Scott 3 [ \ —— Scott
1.5+ ) ) i Y
j L 6-1072 f R
] k 1 24 f \
! i \ 4.102 / A
0.5 i - 2.1072 1 1 i
04------ 04---- S A et ettt 01--1 it e e
T T ——— T T T T T T T T T T
0 20 80 100 120 140 0 20 40 60 80 100 40 60 80 100 120
hamp [Wm=2 K] by [Wm=2 K]
1072
34 = e e e e — 0.25 B
Baseline | - Baseline |
- - Ooi & Scott ¥ —Li T
4+ ‘ —— Ooi & Scott. 0.2 |
2 |
3 0.15 A '
2 0.1 |
1 :
19 51072 |
04— 4 J S . S 0 ~--t--mn o |
T T T T T T T T T T T
0 0.6 0.8 270 280 290 300 310 320 306 308 310 312 314
Kiens [Wm~1K~1] Tamb [K] Tu [K]

Model order reduction and inside human eyeball




Sensitivity analysis

Choice of the distributions Uncertainty propagation Stochastic sensitivity analysis

Uncertainty propagation
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Figure 3: Distribution of the output, from the composed input distribution.
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Sensitivity analysis

Uncertainty propagation Stochastic sensitivity analysis

Choice of the distributions

Stochastic sensitivity analysis

Distributions (X;)?_;

Input s:‘;mple = Reduced model |  Output sample
— 1Y ={sn(n),pe =}

®Michaél Baudin et al. “OpenTURNS: An Industrial Software for Uncertainty Quantification in
Simulation”. In: Handbook of Uncertainty Quantification. Ed. by Roger Ghanem et al. Cham: Springer

International Publishing, 2016, pp. 1-38.
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Sensitivity analysis

Choice of the distributions Uncertainty propagation Stochastic sensitivity analysis

Stochastic sensitivity analysis

Distributions (X;)"_;

Input s;’mple = Reduced model |  Output sample
— 1Y ={sn(n),nez}
Openturns5 > Sobol’ indices

®Michaél Baudin et al. “OpenTURNS: An Industrial Software for Uncertainty Quantification in
Simulation”. In: Handbook of Uncertainty Quantification. Ed. by Roger Ghanem et al. Cham: Springer
International Publishing, 2016, pp. 1-38.
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Choice of the distributions

Stochastic sensitivity analysis

Uncertainty propagation Stochastic sensitivity analysis

1
x First order
08 | Total order
0.6
0.4 .
0.2 X x
X
0

Temperature at the level of the cornea:

I
bt hamb T Tamp  E

Figure 4: Sobol indices: temperature at point O.

Sensitivity analysis

» significantly influenced by T mp,

hamb (external factors) and E, Ty
(subject specific parameters) —
need for measurements/better model
for these contributions,

minimally influenced by kiens, by —
can be fixed at baseline value,

high order interactions on T,
hamb-
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Choice of the distributions

Uncertainty propagation Stochastic sensitivity analysis

Stochastic sensitivity analysis

1
x First order
08 | Total order
0.6
0.4 9
0.2 | x X .
0
T T T T T T
hbl hamb Tbl 7-amb E klens

Figure 4. Mean temperature over the cornea.

Sensitivity analysis

Mean temperature over the cornea:

» significantly influenced by T mp,
hamb and E, Ty,

» minimally influenced by Kiens, hpl,

» high order interactions on Ty,
hamb-

Thomas Saigre
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Sensitivity analysis

Choice of the distributions Uncertainty propagation Stochastic sensitivity analysis

Stochastic sensitivity analysis

1
x First order
0.8 Total order
0.6
0.4
Temperature at the back of the eye:

0-27 > only influenced by the blood

0 temperature.

T T
hbl hamb Tbl Tamb E klens

Figure 4: Sobol indices: temperature at point O.
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Conclusion

Conclusion and outlook
> Heat transport model in the human eye: FEM simulations, validation against
experimental data, and model order reduction,
» Reduced model with a certified error bound,
> Sensitivity analysis: computation of Sobol indices thanks to MOR, highlight of
the impact of some parameters on the output.
Next steps:
> Model: couple thermal effect with aqueous humor dynamics in the anterior
chamber,
» Non intrusive methods with zoom in zone of interest for non linear of non affi
problems (EIM, NIRB),
> Application: robust framework to simulate drug delivery in the eye.
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Conclusion

Conclusion and outlook

> Heat transport model in the human eye: FEM simulations, validation against
experimental data, and model order reduction,

» Reduced model with a certified error bound,

> Sensitivity analysis: computation of Sobol indices thanks to MOR, highlight of
the impact of some parameters on the output.

Next steps:

> Model: couple thermal effect with aqueous humor dynamics in the anterior
chamber,

» Non intrusive methods with zoom in zone of interest for non linear of non affi
problems (EIM, NIRB),

> Application: robust framework to simulate drug delivery in the eye.

Thank you for your attention!
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